This paper concerns continuous functions on the unit interval and provides solutions to two problems: Characterize those continuous functions that are topologically equivalent (resp. conjugate) to functions arbitrarily near the identity. The second question was raised by Joe Martin.
Introduction
The purpose of this paper is to establish characterizations in simple terms of continuous functions that respectively have the following two properties. The letter "T" associates with "topologically equivalent" and "C" with "conjugate."
A [CTDS, problem 1.2] and stated again at the Spring Topology Conference, Southwest Texas State University, San Marcos, Texas, April, 1990 . The arguments in this paper employ nothing more than the elementary properties of continuous functions on the interval. We will find it convenient to abuse the interval notation by allowing [a, b] Proof of Lemma. We begin with xo = b (thus x'0 = d) and choose x\ so that a < Xi < min/_l(x¿).
Next choose x2 so that x2 < min/ïxi, xo] and so that a < x2 < min{a + ¿, X\, min/~1(x'1)}. Now by induction we can choose for all i > 3, x, so that x-< min/[x,_i, x¡-2] and so that a < x, < min{c2 + } , x,_i, min/_1(x;'_,)}. We see that where ever x is located in the partition of [a, b] provided by the sequence {a + (b -a)r'}, the image kfh(x) and x' are located in the same or in adjacent intervals of the partition of [c, d] provided by the sequence {(a + (b-a)r')'}. Thus the distance from kfh(x) to x' in less than twice the length of the longest interval, which is [(a + (b-a)r) ', d] . So for all x 6 \a, b],
Notice that in the special case a = c and b -d, we have x' -x, the homeomorphism Ac can be chosen to be A-1 , and |A_1/A(x) -x| < e for all x e [a, b]. And thus we have T3. There exists a function g e {f,fJ, Jf, JfJ} and 0 < a < 1 swcA /Aai g(s) < g(«) < g(t) for all 0<s <a<t < 1.
Property T3 is described this way in order to avoid dealing with four cases of inequalities. If g -f, for example, we see that the graph of / is inscribed in two rectangular boxes (the left one is possibly degenerate) that meet at the point (a, f(a)). The graph of / is allowed to touch the top of the left box but not the bottom of the right box except at (a, f(a)). When we choose g = fJ , Jf, or JfJ, the graph is flipped to the different orientations but still has the special point with respect to the two boxes.
T2 => T3. We begin with the observation that if /~' (0) is connected and contains 0, then we can choose g = f and a -max/_1 (0) to satisfy T3. Likewise, if f~x (0) Let G be the collection of all open intervals (s, t), s / / such that f(s) = f(t), or in other words, the interiors of nondegenerate level set intervals of /. In the case under consideration, we must have that some element of G contains c. This is because f is not identically 0 on [0, c] so that a number s, 0 < s < c can be chosen so that f(s) > 0 and a number t, c < t < 1 so that /(/) = f(s). Similarly, d belongs to an element of G. By the same sort of argument, either [0, c] is a level set interval or a subset of an element of G.
In light of the above, it follows from the covering theorem that [c, d] is not covered by G and so there exists a number a , c < a < d such that a belongs to no element of G. Either a -max f~xf(a) or a -min f~lf(a).
In the first case, we have f(a) < /(/) for all t > a. And f(s) < f(a) for all s < a since otherwise if f(s) > f(a) for some s < a, a number 5' can be found so that a < s' and f(s) = f(s'). Condition T3 has been obtained for g = f. 3. Property C
In this section we characterize the functions that have property C. The only distinction is that the special point must be a fixed point. The arguments will be quite similar to those of the preceding section. [s, t] is the union of two displacement intervals that intersect only at a common end point. Let G' = {(s, /): [s, t] e G}, the collection of interiors of elements of G. We know that G' does not cover [c, d] since in that case there would be a finite subcollection of G covering [c, d] and, therefore, a finite collection of displacement intervals covering [0, 1 ] . So let a e [c, d] be such that a does not belong to any interval of G'. Observe that f(a) = a since otherwise if a < f(a), for example, then we can find an x < a close enough to a so that x < a < f(x). Now if there exists s < a such that f(s) = a, then there does not exist / > a such that /(/) = a since in this case, a e 
Examples and comments
The function J is the simplest example of a function that has property T but not property C, but this occurs because of a reversal of orientation. The distinction between the two properties is better illustrated by 
